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The model problem - 1

Let Ω0 be a bounded polyhedral domain in R3. We consider the following exterior
Dirichlet problem:


−∆us − κ2us = f , in R3 \ Ω0,

us = 0, on Γ0 := ∂Ω0,

lim
r→∞

r(∂r − iκ)us = 0,
(1)

where us is the (unknown) scattered field, κ ∈ R+ is the wavenumber,
f ∈ L2

loc(R3 \ Ω0) is a given function, and r = ‖x‖ with x = (x1, x2, x3)
T .
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BEM workflow

Differential problem
in unbounded domain

Representation
formula

Boundary Integral
Equation (BIE)

The representation formula is computationally expensive: evaluating us at any
x ∈ R3 \ Ω0 requires computing boundary integrals over Γ0.
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The model problem - 2
We introduce an artificial boundary Γ which allows to decompose R3 \ Ω0 into a finite
computational domain Ω and an infinite residual domain Ω∞.

−∆u − κ2u = f , in Ω,

u = 0, on Γ0,

γ−u = γ+u∞, on Γ,

∂−n u = ∂+n u∞, on Γ,

−∆u∞ − κ2u∞ = 0, in Ω∞,

lim
r→∞

r(∂r − iκ)u∞ = 0.

where u is the restriction of us to Ω, u∞ is the restriction of us to Ω∞, γ± is the
exterior/interior trace operator and ∂±n := n · γ±∇.
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VEM/BEM coupling

VEM Suited for problems in bounded domains with complex geometries.
BEM Transforms a differential problem in an unbounded domain into an integral

equation on the boundary.

Why don’t we take the best from both worlds?
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Kirchhoff’s representation formula

It is well-known that u∞ admits the following integral representation:

u∞(x) =
∫
Γ

∂Gκ

∂ny
(x, y)ψ(y) dy −

∫
Γ

Gκ(x, y)λ(y) dy, x ∈ Ω∞

where
Gκ(x, y) =

eiκ‖x−y‖

4π‖x − y‖
and

ψ := γ−u = γ+u∞, λ := ∂−n u = ∂+n u∞ on Γ.
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Boundary Integral Operators

We introduce, for every x ∈ Γ

Vκ : H−1/2(Γ) → H 1/2(Γ), Vκλ(x) :=
∫
Γ

Gκ(x, y)λ(y) dy,

Kκ : H 1/2(Γ) → H 1/2(Γ), Kκψ(x) :=
∫
Γ

∂Gκ

∂ny
(x, y)ψ(y) dy,

K′
κ : H−1/2(Γ) → H−1/2(Γ), K′

κλ(x) :=
∫
Γ

∂Gκ

∂nx
(x, y)λ(y) dy,

Wκ : H 1/2(Γ) → H−1/2(Γ), Wκψ(x) := − ∂

∂nx

∫
Γ

∂Gκ

∂ny
(x, y)ψ(y) dy.
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Boundary Integral Equations

By applying the traces operators to the integral representation formula, we get the
following two boundary equations:

0 =

(
1
2

I − Kκ

)
ψ + Vκλ, on Γ, (2)

λ = −Wκψ +

(
1
2

I − K′
κ

)
λ, on Γ. (3)

We use (2)-(3) to restrict the original problem to the bounded region Ω. The new
problem now is:
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The model problem - 3

We seek u such that 

−∆u − κ2u = f , in Ω,

u = 0, on Γ0,

γ−u = γ+u∞, on Γ,

∂−n u = ∂+n u∞, on Γ,(1
2 I − Kκ

)
ψ + Vκλ = 0, on Γ,

−Wκψ +
(1

2 I − K′
κ

)
λ = λ, on Γ.
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Variational formulation - 1

Define H 1
0,Γ0

(Ω) = {v ∈ H 1(Ω): v|Γ0 = 0} and X := H 1
0,Γ0

(Ω)× H 1/2
0 (Γ)× H−1/2(Γ).

We look for (u, ψ, λ) ∈ X such that

a(u, v)− κ2m(u, v)− 〈λ, γv − ϕ〉 − 〈λ, ϕ〉+ 〈µ, γu − ψ〉 = m(f , v)

is satisfied for all (v, ϕ, µ) ∈ X, where

a(u, v) :=
∫
Ω
∇u·∇v, m(u, v) :=

∫
Ω

u v, 〈·, ·〉Γ := Duality product H−1/2(Γ)−H 1/2(Γ).

Employ the weak form of the boundary equations (2)-(3) into the fourth term of the
left hand side.
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Variational formulation - 2

Find (u, ψ, λ) ∈ X such that

Aκ((u, ψ, λ), (v, ϕ, µ)) = m(f , v), (4)

for all (v, ϕ, µ) ∈ X,

where
Aκ((u,ψ, λ), (v, ϕ, µ)) := Aκ((u, ψ, λ), (v, ϕ, µ))+〈Wκψ, ϕ〉Γ

+〈µ, Vκλ〉Γ − 〈λ, (1
2

I − Kκ)ϕ〉Γ + 〈µ, (1
2

I − Kκ)ψ〉Γ,

and

Aκ((u, ψ, λ), (v, ϕ, µ)) := a(u, v)− κ2m(u, v)− 〈λ, γv − ϕ〉Γ + 〈µ, γu − ψ〉Γ.
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Well-posedness of the continuous problem

Theorem
Assume that κ2 is not an eigenvalue of the Laplacian in Ω ∪ Ω0 with a Dirichlet
boundary condition on Γ. Then, problem (4) is well posed a.

aG. N. Gatica, S. Meddahi, Coupling of virtual element and boundary element methods for the
solution of acoustic scattering problems, J. Numer. Math 28(2020), pp. 223-245.
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Discrete setting

Let
• {Th} be a family of polyhedral

decompositions of Ω such that⋃
E∈Th

E = Ω. Each element E ∈ Th has
diameter hE ≤ h;

• Fh the set of faces of Th contained in Γ.
Moreover, we suppose that the mesh satisfies
the usual assumptions required by the VEMa.

aB. Ahmad, A. Alsaedi, F. Brezzi, L.D. Marini, A. Russo, Equivalent projectors for virtual element
methods, Comput. Math. Appl. 66 (2013), n. 3, 376–391

13/26



VEM spaces
We introduce the following local VEM spaces: for any E ∈ Th and F ⊂ ∂E ,

Xk
h (F) := {v ∈ H 1(F) : v|e ∈ Pk(e), ∀e ⊆ ∂F , ∆v ∈ Pk(F), Π0,F

k v −Π∇,F
k v ∈ Pk−2(F)},

Xk
h (∂E) := {v ∈ C0(∂E) : v|F ∈ Xk

h (F), ∀F ⊆ ∂E},

W k
h (E) := {v ∈ H 1(E) : v|∂E ∈ Xk

h (∂E), ∆v ∈ Pk(E), Π0,E
k v −Π∇,E

k v ∈ Pk−2(E)}.

The degrees of freedom of the space W k
h (E) are:

• the values at the vertices of E ,
• the moments of order ≤ k − 2 on the edges of

E ,
• the moments of order ≤ k − 2 on the faces of

E ,
• the moments of order ≤ k − 2 on E .

Dofs for k = 2.
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Discrete boundary spaces
We now introduce the simplicial mesh Fh of the interface Γ obtained by triangulating
each polygon F ∈ Fh.

Λk−1
h := {µh ∈ L2(Γ) : µh|T ∈ Pk−1(T), ∀T ∈ Fh},

Ψk
h := {ϕh ∈ C0(Γ) : ϕh|T ∈ Pk(T), ∀T ∈ Fh} ∩ H 1/2

0 (Γ).
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A VEM/BEM scheme

Define the global VEM space W k
h := {v ∈ H 1

0,Γ0
(Ω): v|E ∈ W k

h (E), ∀E ∈ Th}.

Find (uh, ψh, λh) ∈ Xh := W k
h ×Ψk

h × Λk−1
h such that

Ah,κ((uh, ψh, λh), (vh, ϕh, µh)) = mh(f , vh) :=
∑

E∈Th

∫
E
(Π0,E

k−1f ) (Π0,E
k−1vh) dx

(5)
for all (vh, ϕh, µh) ∈ Xh.
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A VEM/BEM scheme

where

Ah,κ((uh,ψh, λh), (vh, ϕh, µh)) := Ah,κ((uh, ψh, λh), (vh, ϕh, µh))

+〈Wκψh, ϕh〉Γ + 〈µh, Vκλh〉Γ − 〈λh, (
1
2

I − Kκ)ϕh〉Γ + 〈µh, (
1
2

I − Kκ)ψh〉Γ,

and

Ah,κ((uh, ψh, λh), (vh, ϕh, µh)) := ah(uh, vh)− κ2
∑

E∈Th

mE(Π0,E
k−1uh,Π

0,E
k−1vh)

−
∑

F∈Fh

〈λh,Π
0,F
k−1(γvh − ϕh)〉Γ +

∑
F∈Fh

〈µh,Π
0,F
k−1(γuh − ψh)〉Γ.
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The bilinear form ah

ah(v, z) :=
∑

E∈Th

aE
h (v, z), ∀v, z ∈ W k

h ,

aE
h (v, z) :=

∫
E
(∇Π∇,E

k v) · (∇Π∇,E
k z) + SE

h (v −Π∇,E
k v, z −Π∇,E

k z),

SE
h (v, z) :=

NE
dof∑

i=1
dof i(v) dof i(z).
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Order of convergence

Theorem
Assume that κ2 is not an eigenvalue of the laplacian in Ω ∪ Ω0 with a Dirichlet
boundary condition on Γ. Let u ∈ H 1

0,Γ0
(Ω) ∩

∏
E∈Th

H k+1(E) and f ∈
∏

E∈Th
H k(E).

Then there exist two constants C > 0, indipendent of h, and h0 > 0 such that for any
h ≤ h0 the following estimate holds a

‖(u, ψ, λ)− (uh, ψh, λh)‖X . C hk
∑

E∈Th

(
‖u‖Hk+1(E) + ‖f ‖Hk(E)

)
.

aG. N. Gatica, S. Meddahi, Coupling of virtual element and boundary element methods for the
solution of acoustic scattering problems, J. Numer. Math 28(2020), pp. 223-245.
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Insight on the implementation of the VEM/BEM
coupling

We rewrite the system of equations as: find (uh, ψh, λh) ∈ Xh such that
ah(uh, vh)− κ2mh(uh, vh)− 〈λh, γvh〉Γ = mh(f , vh),

〈µh,Vκλh〉Γ + 〈µh, (−1
2 I − Kκ)ψh〉Γ + 〈µh, γuh〉Γ = 0,

〈Wκψh, ϕh〉Γ + 〈(1
2 I + K′

κ)λh, ϕh〉Γ = 0,

for all (vh, ϕh, µh) ∈ Xh. Moreover, we introduce

W k
h = span{Φi}, Ψk

h = span{χi}, Λk−1
h = span{ξi},

uh(x) =
∑

ui Φi(x), ψh(x) =
∑

ψi χi(x), λh(x) =
∑

λi ξi(x).
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Global linear system


AΓΓ − κ2MΓΓ AΓI − κ2MΓI −Q O

AIΓ − κ2MIΓ AII − κ2MII O O

−QT O −V 1
2N+K

O O 1
2N

T +KT W




uΓ

uI

λ

ψ

 =


fΓ

fI

0
0

 (6)

Aij = ah(Φj ,Φi)
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Global linear system


AΓΓ − κ2MΓΓ AΓI − κ2MΓI −Q O

AIΓ − κ2MIΓ AII − κ2MII O O

−QT O −V 1
2N+K

O O 1
2N

T +KT W




uΓ

uI

λ

ψ

 =


fΓ

fI

0
0

 (6)

Mij = mh(Φj ,Φi)
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Global linear system


AΓΓ − κ2MΓΓ AΓI − κ2MΓI −Q O

AIΓ − κ2MIΓ AII − κ2MII O O

−QT O −V 1
2N+K

O O 1
2N

T +KT W




uΓ

uI

λ

ψ

 =


fΓ

fI

0
0

 (6)

Qij = 〈ξj ,Φi〉Γ
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Global linear system


AΓΓ − κ2MΓΓ AΓI − κ2MΓI −Q O

AIΓ − κ2MIΓ AII − κ2MII O O

−QT O −V 1
2N+K

O O 1
2N

T +KT W




uΓ

uI

λ

ψ

 =


fΓ

fI

0
0

 (6)

Vij =

∫
Γ

(∫
Γ

Gκ(x, y) ξj(y) dy
)
ξi(x) dx
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Global linear system


AΓΓ − κ2MΓΓ AΓI − κ2MΓI −Q O

AIΓ − κ2MIΓ AII − κ2MII O O

−QT O −V 1
2N+K

O O 1
2N

T +KT W




uΓ

uI

λ

ψ

 =


fΓ

fI

0
0

 (6)

Wij = −
∫
Γ

(
∂

∂nx

∫
Γ

∂Gκ

∂ny
(x, y)χj(y) dy

)
χi(x) dx
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Global linear system


AΓΓ − κ2MΓΓ AΓI − κ2MΓI −Q O

AIΓ − κ2MIΓ AII − κ2MII O O

−QT O −V 1
2N+K

O O 1
2N

T +KT W




uΓ

uI

λ

ψ

 =


fΓ

fI

0
0

 (6)

Kij =

∫
Γ

(∫
Γ

∂Gκ

∂ny
(x, y)χj(y) dy

)
ξi(x) dx, Nij =

∫
Γ
χj(x) ξi(x) dx
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Global linear system


AΓΓ − κ2MΓΓ AΓI − κ2MΓI −Q O

AIΓ − κ2MIΓ AII − κ2MII O O

−QT O −V 1
2N+K

O O 1
2N

T +KT W




uΓ

uI

λ

ψ

 =


fΓ

fI

0
0

 (6)

O = matrix with all zero elements
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A numerical test

In our numerical tests, we consider the problem:
−∆us − κ2us = 0, in R3 \ Ω0

us = g, on Γ0,

lim
r→∞

r(∂r − iκ)us = 0,
(7)

Let Ω0 = [−0.5, 0.5]3 and Γ = ∂([−1, 1]3). We choose the Dirichlet datum g on Γ0
such that the exact solution of problem (7) is given by

u(x) = eiκ‖x‖

‖x‖2

(
1 +

i
κ‖x‖

)
x3, for x ∈ Ω.
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Tetrahedral mesh for degree k = 1 and k = 2
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Hexahedral mesh for degree k = 1 and k = 2

aS. Berrone, A. Borio, G. Teora, F. Vicini, POLYDIM: A C++ library for POLYtopal DIscretization
Methods, Comput. Phys. Commun., 320 (2026)



Convergence results, κ = 1

Figure: Tetrahedral mesh.
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Convergence results, κ = 1

Figure: Hexahedral mesh.
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Behavior of the exact and approximate solutions

Figure: κ = 1 Figure: κ = 10
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