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I F The model problem -1

Let o be a bounded polyhedral domain in R?. We consider the following exterior
Dirichlet problem:

—Aug — K2ug = f, in R3\ Q,

Us = 0, on FO = 890,
lim (9, — ik)us = 0,

7—00

(1)

where u; is the (unknown) scattered field, x € R, is the wavenumber,
fe L2 _(R*\ Q) is a given function, and 7 = ||x|| with x = (21, 22, 23) .
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B F BEM workflow

Differential problem Representation Boundary Integral
in unbounded domain formula Equation (BIE)

The representation formula is computationally expensive: evaluating us at any
x € R3\ Qg requires computing boundary integrals over I'.
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I I The model problem - 2

We introduce an artificial boundary I' which allows to decompose R? \ Q) into a finite
computational domain 2 and an infinite residual domain Q..

(—Au— K?u = f, in Q,
u =0, on Ty,
Y u =Y U, onT,
0o Oy u = Of s, on T,
— Ao — K2 Use = 0, in O,
lim 7(0; — iK)us = 0.

7—>00

where u is the restriction of us to €2, u is the restriction of us to Qo yi is the
exterior /interior trace operator and 9 :=n - *V.
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E F VEM/BEM coupling

VEM Suited for problems in bounded domains with complex geometries.

BEM Transforms a differential problem in an unbounded domain into an integral
equation on the boundary.

Why don’t we take the best from both worlds?
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B I Kirchhoff’s representation formula

It is well-known that u., admits the following integral representation:

G,
Uso(X) = | ——(x,5)¢¥(y) dy—/ Ge(x%,57) My) dy, x € Qo
T (3ny T
where
- ginlx—vll
kX, S TET
V' drlx =yl
and

b= =7, A= u=08us onT.
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I I Boundary Integral Operators

We introduce, for every x € I’
V,.: H-VY2(T) — HY(D),
K,.: HY2(T) — HY(D),
K : H-Y2(I) - HY2(1),

W,: HY2(T) — HY2(I),
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Kyip(x) :=

K\ (x) ==

K

Weh(x) == —

/ny

69(3
/ an,x
0
Oony

,¥) Ay) dy,

0G,
T 8ny

(x,y) ¢(y) dy.



I I Boundary Integral Equations

By applying the traces operators to the integral representation formula, we get the
following two boundary equations:

0— (;1 - KK> WAV, onT, 2)
1
A=-W,¢+ (21 — K;) A, onl. (3)

We use (2)-(3) to restrict the original problem to the bounded region 2. The new
problem now is:
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I I The model problem - 3

We seek wu such that
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—Au— K*u=f,

u =0,

YU = oo,

Oy u = Of o,

(31— Kx) ¥+ Ved =0,
~Wath + (31 = Kj) A= A,

in €,
on I'g,
on I
on I,
on I

onl.



I I Variational formulation - 1

Define Hyp, () = {ve H'(Q): vlr, = 0} and X := H} 1, () x Hy/*(T) x H-Y/*(T).
We look for (u, 1, A) € X such that

a’(“? ’U) - HQm(UH 1)) - <)‘7 A ()0> - <)‘7 99> + <:U’a yu — ¢> - m(fv U)

is satisfied for all (v, ¢, u) € X, where
a(u,v) == / Vu-Vv, m(u,v):= / wv, (-, := Duality product H~"/2(I")—H'?(T).
Q Q

Employ the weak form of the boundary equations (2)-(3) into the fourth term of the
left hand side.
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I I Variational formulation - 2

Find (u, ¥, \) € X such that

'Ali((u7¢7 )\)7 (U7 807 Iu’)) - m(f? 'U), (4)

for all (v, p, p) € X,

wher
o Am((%% )‘)7 (Ua ()07 /’L)) = AH((uv ’(/]7 )‘>7 (U7 907 /l))+<Wl€w7 ()0>F
s Vel = O (GT= Kb + G, (5T~ Ko)r,
and

A((u, 1, N), (v, 0, 1)) = a(u,v) = &¥m(u, v) — (A, 0= @)r + (p, yu—)r.
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I I Well-posedness of the continuous problem

Assume that k2 is not an eigenvalue of the Laplacian in Q U Qg with a Dirichlet
boundary condition on T'. Then, problem (4) is well posed °.

?G. N. Gatica, S. Meddahi, Coupling of virtual element and boundary element methods for the
solution of acoustic scattering problems, J. Numer. Math 28(2020), pp. 223-245.
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I I Discrete setting

Let
» {7n} be a family of polyhedral
decompositions of €2 such that
UEGT}LE = ). Each element F € T}, has
diameter hp < h;
= Fj, the set of faces of 7, contained in I'.
Moreover, we suppose that the mesh satisfies
the usual assumptions required by the VEM?.

?B. Ahmad, A. Alsaedi, F. Brezzi, L.D. Marini, A. Russo, Equivalent projectors for virtual element
methods, Comput. Math. Appl. 66 (2013), n. 3, 376-391
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B F VEM spaces
We introduce the following local VEM spaces: for any £ € T, and F C OF,
XE(F) = {ve HY(F): v]. € Py(e), Ye COF, Av e Py(F), ) v — 17 v € By_o(F)},
XFOE) .= {ve CYIE): v|p € X}(F),VF C OE},
WE(E) :== {ve HY(E): vlop € XF(OE), Av e Py(E), 1) v — 11 Fv € Py (E)}.
The degrees of freedom of the space W} (E) are:

= the values at the vertices of F,

= the moments of order < k — 2 on the edges of
Ev

= the moments of order < k — 2 on the faces of
EY

= the moments of order < k — 2 on E.

Dofs for k = 2.
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I I Discrete boundary spaces

We now introduce the simplicial mesh §}, of the interface I' obtained by triangulating
each polygon F' € Fj,.

Aiil ={up € L*(0): pp|7 € Pp_i(T), YT € Fa},
Wk = {pp € COT): oplr € PL(T), VT € 34} N HY*(T).

Zoro mean function g Zoro mean function
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EF A VEM/BEM scheme

Define the global VEM space W} := {v € H&}FO(Q): v|g € WFHE), VE € T}

Find (up, ¥, M) € Xp, := WF x U8 x AP such that

A ((th, Yy An)s (Vs @rs pin)) = Z/ I, %, 0n) dx

E€Ty

for all (Uhﬂ/?haﬂh) € Xp.

16/26



EF A VEM/BEM scheme

where

Ak ((un,¥n, An)s (Vs ©ns 1)) = A (U, Y1y M)y (Vs ©hs 1)

+%\Vn¢h7¢m>F-F<Mh,VkAhh‘—<Aha(%1—5KH)@hh*+<Hﬁ,(%1—-Kﬁ)¢hhn
and
A (s Vs An)s (Vi @y 1)) == ap(up, v) — K 2{: (T g, T 0)
EE€T)
— > O TR (von — en)r + Y (s T (vun — )

FeFy FeFy,
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The bilinear form g,

ap(v, z) == Z af (v,2), Vv, z€ WF,
E€Ty
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aE(v, ) = /E(VH,YE o) - (VIIYE2) 4 §E(0— 17, 2 —

dof

SP(v,2) = Zdof ) dof ;(



I I Order of convergence

Assume that k% is not an eigenvalue of the laplacian in Q U Qg with a Dirichlet
boundary condition on T'. Let u € Hol,ro(Q) N1ger, H*Y(E) and f € [ger, H*(E).
Then there exist two constants C' > 0, indipendent of h, and hy > O such that for any
h < hg the following estimate holds °

1, A) — (o )l < CHF 3 (\uerE) T rfrrm(E)).

EeTy

?G. N. Gatica, S. Meddahi, Coupling of virtual element and boundary element methods for the
solution of acoustic scattering problems, J. Numer. Math 28(2020), pp. 223-245.
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B I Insight on the implementation of the VEM/BEM
coupling

We rewrite the system of equations as: find (up,¥p, Ap) € X}, such that

an(up, vn) — K2mp(un, vp) — (Ap, Yor)r = ma(f, vn),
(ks Vi An)T + (ttn, (=31 = Ki)n)r + (g, yup)r = 0,
(Wton, on)r + (51 + KA, on)r = 0,

for all (vp, on, pn) € Xp. Moreover, we introduce

Wi = span{®;}, Wj =span{x;}, A; ' =span{&},
up(x) = > Wi Bi(x),  Un(x) =Y Pixi(x), An(x) =D Ai&i(x).
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I I Global linear system

AFF o /QQMFF AFI o RQMFI _@ @) uF
AT _eemiT AT — e2Mi ) 0 ul
-QT ©) Y% sN+K| [ A

0) 0) INT + KT W )
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I I Global linear system
AT _ 2T ATT _ 2! —Q
AIF _ HzM[F AH o I{zMH 0
-QT 0 -V
0 o) sNT + KT

@) ub £l

@) u! B £l (6)
IN+K| [ A 0

W () 0
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I I Global linear system

AFF o /QQMFF AFI o RQMFI 7@ ©) uF
AT _e2MiT AT — e2Mi! ) 0 ul
-QT ©) Y% sN+K| [ A

0) 0) INT + KT W )

Qi = (&, ®o)T
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I I Global linear system

AFF H2M[1“1“ AFI o HQMFI Q 0) uF
AIF o /<;2M[F AH o I€2MH @) @) u[
—QT @) -V IN+K

0 0) INT 4+ KT W WP

v ! ( [ ey ) dy> £(x) dx
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Global linear system

—QT
©)

FATT 2T ATT _ 2t

T oIl 7 onll
A kM A kM

O
O

-Q 0) ul
O O u/
-V sN+K| | A
sNT+ KT W P

ot

0

%(X, y) X;(¥) dy) xi(x) dx

811;( T 8ny




I I Global linear system

ATT _  2VIT AT 2] —Q 0 ul £
AT _ 2T AT 2y o) 0 u! £l
p— 6
—QT 0 -V IN+K| | A 0 (©)
o) o) sNT+KT W ( 0
0Gy
Ky = I, OV X(Y) dy ) &i(x) dx, Ny = | x;(x) &i(x) dx
r \Jr Ony r
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Global linear system

AI‘F o HQMFF AI‘I o HZMFI —Q 0) uF
AII‘ o KVQMIF AH o /€2MH @) 0) u[
-Q7 0 -V IN+K| [ A
0 0 INT+ KT W 1

O = matrix with all zero elements




B I A numerical test

In our numerical tests, we consider the problem:

—Aug — K?ug =0, in R3\ Qq

us = g, on I, (7)
lim r(0, — ik)us = 0,

r—00

Let Qo = [-0.5,0.5]% and T = 9([—1, 1]3). We choose the Dirichlet datum g on I'g
such that the exact solution of problem (7) is given by

etelxl i
u(x) = —— <1 + > x3, forx e

[ wx]
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I I Tetrahedral mesh for degree £t =1 and ik = 2
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I I Hexahedral mesh for degree k. =1 and k£ =2

S. Berrone, A. Borio, G. Teora, F. Vicini, POLYDIM: A C++ library for POLYtopal Dlscretization

Methods, Comput. Phys. Commun., 320 (2026)



I I Convergence results, x =1

L?norm

100 L

-
2

Relative error

-
o
[

10-3 L

25/26

Relative error

100 L

H'-seminorm

Figure: Tetrahedral mesh.




Convergence results, x = 1
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Figure: Hexahedral mesh.




I I Behavior of the exact and approximate solutions

Figure: k =1 Figure: k = 10
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